This study extends the limit analysis techniques used for the computation of strict bounds of the load factors in solids to stability problems with interfaces, anchors and joints. The cases considered include the pull-out capacity of multibelled anchors and the stability of retaining walls for multiple conditions at the anchor/soil and wall/soil interfaces. Three types of wall supports are examined: free standing wall, simply supported wall and anchored wall. The results obtained are compared against available experimental and numerical data. The conclusion drawn confirms the validity of numerical limit analysis for the computation of accurate bounds on limit loads and capturing failure modes of structures with multiple inclusions of complex interface and support conditions.
Introduction
The use of anchored structures is a widespread engineering practice. Applications to mention are the anchoring of retaining walls, protection against rock-fall or tower toppling, or stabilisation of caverns and tunnels [32, 23] . However, the design and stability analysis of such structures relies (i) on the national regulations, which may vary among countries, as it is acknowledged in BS EN 1537:2000 standard, (ii) on experimental results, or on (iii) assumed failure mechanism of simplified geometries [2, 20, 21, 27, 28, 26] . Usually, uniform load transfer from grout to ground and cylindrical or conical failure surface around the anchor are assumed. The anchor may be also considered as a fixed point with an applied traction on the wall, and a straight failure line is often assumed as a wall failure mechanism with a Coulomb friction law. As it will be shown later in the paper, this may not be the case when the soil weight is taken into account.
During last decades, the efficient numerical formulations of the lower and upper bound theorems of classical plasticity theory have allowed scientists and engineers to estimate [34] or obtain the strict bounds [14] - [19] for some academic examples such as the bearing capacity of foundations or the analysis of a single-and double-bell anchors [8, 10] .
The paper presents some extensions of these formulations that will permit to estimate the pull-out capacity of the grouting and to model the overall anchored wall system in two dimensions. These problems require the inclusion of the interface conditions, and the modelling of the tie which may in turn require the simulation of joints at the tie end. Therefore, the description of how such features are incorporated in the discrete formulations developed so far is included in the scope of the paper.
The flow of the paper proceed as follows. Section 2 presents the core lower and upper bound formulations used in the computations. In Section 3 the necessary extensions dealing with interface modelling are introduced, and in Section 4 they are applied to analyse the pull-out capacity of anchors and the stability of retaining walls. The obtained results are then compared to the outcomes of previously conducted experimental and numerical studies.
Lower and upper bound formulations
The discretised form of the limit analysis problem are presented next for completeness.
The discrete spaces coincide with those given in [6, 13, 14, 15, 19] . The reader familiar with these references may skip this section.
Lower bound formulation
In the following, it will be assumed that the failure mechanism of a body Ω includes some continuous deformation and a set of discontinuities at some internal boundaries Γ. The body is subjected to surface loads λg and body loads λf , with λ being the load factor. Its maximum value λ * that the body can bear without collapsing can be obtained by solving the following maximisation problem:
which corresponds to the lower bound theorem of limit analysis [5, 4] . 
where the operator⊗ is a symmetrised dyadic product: a⊗b = The normal vector n at any point x ∈ Γ located between domains Ω e and Ω by σ LB . A common choice is to use piecewise linear stresses defined on a mesh with N e triangles (tetrahedra in 3D). Figure 1a schematises the spaces σ LB for two adjacent elements that have been shrunk to ease the visualisation of discontinuous fields. The squares in Figure 1a denote the nodal stress values, while the circles indicate nodal velocities (element-wise constant at the element interior, and linear at the edges). The latter are actually the Lagrange multipliers associated with the equilibrium conditions in (1), which are then enforced at the element interiors, at the the Neumann boundaries, and at each one of the N ξ internal boundaries (edges in 2D, faces in 3D). In compact form these equilibrium conditions read,
∈ B, e = 1, . . . , N e , i = 1, . . . , n sd + 1
The stress σ LB is the result of assembling all the n sd + 1 nodal values σ 
Upper bound formulation
The optimal value λ * may be also found as the result of the following minimisation problem, dual to problem (1):
The dissipation power
whose expression solely depends on the strain rates and velocity jumps and is well known for classical plasticity criteria [7] . The set B * is the dual cone to the set B, defined by B * = {z|z : σ ≥ 0, ∀σ ∈ B}, so that the membership conditions in (4) are equivalent to the usual associative rule of the strain rates and velocity jumps.
A discrete version of the problem above that allows computing an upper bound λ UB > λ * may be then obtained by using a normalised velocity field v UB such that ℓ(v UB ) = 1 and is everywhere kinematically admissible, i.e. satisfies the membership conditions in (4) . A common choice [6, 13, 15, 19] is the use of a piecewise linear velocity field, as shown in Figure 1 . The associated Lagrange multipliers to the membership conditions in (4) represent a set of piecewise constant stresses σ UB inside the elements and linear stresses s UB at the edges, while the Lagrange multiplier corresponding to constraint ℓ(v UB ) = 1 is the load factor λ UB [6, 19] . After inserting the aforementioned discretisation in equation (4) , this dual problem turns into,
where v UB,e i denotes the velocity vector at node i of element e, and v UB ξ is the velocity jump at node i of edge ξ.
For some common plasticity criteria such as von Mises or two-dimensional MohrCoulomb criteria, the set defining the admissible stresses B in (3) and (5) may be replaced (using convenient linear transformations of the stresses σ LB and σ UB [6, 9, 15, 16, 19] ) by a Lorentz cone L defined by L := {x ∈ R n |x 1 ≥ {x 2 , . . . , x n } }, which allows to solve the problem above resorting to second order conic programming (SOCP) software [12, 29, 30] . The results in Section 4 have employed such transformations.
Mesh adaptivity
The resulting optimal variables of the lower and upper bound problems, (σ LB , v LB )
and (σ UB , v UB ) may be combined to compute elemental and edge contributions to the total load gap ∆λ = λ UB − λ LB , denoted respectively by ∆λ e and ∆λ ξ , and defined by:
These gap contributions satisfy the properties ∆λ = e ∆λ e + ξ ∆λ ξ , ∆λ e ≥ 0 and ∆λ ξ ≥ 0 [6, 19] , which allows us to use these quantities in a mesh adaptivity process: those elements and edges that have larger contributions will be remeshed in order to successively reduce the total gap ∆λ and hence capture more accurately the collapse mechanism.
Including interfaces, duplicated edges and joints
This paper aims to extend the previous formulation to more realistic situations encountered in common structures of civil engineering, without relaxing the strictness of the bounds. For this reason, the necessary changes that each one of these situations must include for the lower and upper bound formulations will be described and justified separately. These changes do respect the construction of statically and kinematically admissible spaces in each case, and allow to employ the same refinement process described in Section 2.3 for the extended problem.
Interface conditions
The presented formulations will be extended next to problems with specific frictional conditions at interfaces that separate two different materials. In the examples consid-ered in this paper, these correspond to wall-soil and grouting-soil interactions. For clarity these extensions are described for two-dimensional analysis, but they can be easily generalised to three-dimensional problems.
Lower bound
Let us consider two triangular elements, A and B, with different material properties. In this case, additional yield criteria at the interface and equilibrium conditions between the interface and the elements must be included. This is accomplished by adding an edge I between elements A and B, with nodal stresses σ 
with B I being the set of admissible stresses at the interface, while the equilibrium conditions between elements and those in point (ii) read
The nodal velocities at the two edges between A and B, indicated in Figure 2a with circles, correspond in fact to the Lagrange multipliers associated with these constraints: 
Upper bound
The upper bound problem uses a set of linear stresses at the edges, which has been denoted by s UB . When the edge becomes the interface between two domains, the definition of specific plasticity criteria is achieved by just imposing the interface admissibility set for those stress variables at interface I: 
Duplicated edges
In two-dimensional analyses, it may become useful to model two superimposed domains which are connected to a common edge. Those edges that connect two elements on one side, and one element on the other side will be called duplicated edges. Figure   4 illustrates this situation, where an element A on the left is connected to elements B and B ′ on the right. This situation may help to simulate for instance a soil domain with a superimposed tie of an anchor that overlaps the soil without being actually attached to it, but connected to an anchor and to a wall at each end.
Lower bound
The equilibrium equation between the three elements A, B and B ′ must equalise the tractions on element A to the sum of the tractions on B and B ′ . Given a vector n normal to the common edge, this equilibrium is equivalent to the following nodal equations:
This equation will be added to the constraints in problem (3). Since there is one equilibrium equation per common node, each duplicated edge requires two nodal velocities, as indicated with circles in Figure 4a . These velocities correspond to the Lagrange multipliers of equations (11).
Upper bound
The dissipation power at the edge corresponds to the sum of the power dissipated between elements A and B, and the dissipated power between elements A and B ′ . For- mally, the total dissipation power at the edge correspond to the sum of two integrals along the common edge:
Therefore, each duplicated edge requires two superimposed linear stress spaces, 
Modelling the joints
In some particular cases, it appears to be convenient to disregard the collapse due to the relative rotation of two domains. For instance, in the examples shown in Section 4.2, the bearing capacity of the tendon of an anchor is modelled as independent of the angle that the tendon adopts with respect to the grouting, or the angle it makes at the wall attachment. This situation corresponds to the modelling of a revolute joint without rotational dissipation, as depicted in Figure 5 .
The modelling of such joint is characterised by i) translational equilibrium at the contact point, and ii) a rotation of the adjacent element around a single common point.
The conditions in i) and ii) correspond respectively to the lower and the upper bound conditions of admissibility, which will be detailed next.
Figure 5: Rotational joint and discrete spaces considered for the lower (a) and upper (b) bound problem.
Lower bound
The point-wise or node-to-node equilibrium conditions at the edge between elements A and B, which for general continua is contained in equation (3), must be in this case replaced by the following integral equilibrium equation:
Therefore, instead of imposing equilibrium everywhere along the edge, only the total load at each side of the joint is enforced to be in equilibrium. As a result, a unique Lagrange multiplier or velocity node is defined for such joints, as indicated by Figure 5a with a single circle, instead of the two circles shown in Figure 1a . The admissibility of the stresses at the joint is given by the admissibility sets of the nodal stresses σ 
Upper bound
A kinematically admissible field is such that the velocities comply with the joint kinematics, that is, the nodal velocities correspond to two independent rotations around the centre of the joint. Such conditions are imposed by enforcing that the nodal velocity jumps located on the different sides from the centre of the joint (node pairs 1 and 2 in Figure 5b ) are equal in magnitude and opposite in sign. Mathematically, this condition reads,
where
corresponds to the velocity jump at node pair i. The constraint in (12) has an associated traction (Lagrange multiplier) that is given by s J n, with s J being the nodal stress of the joint. The latter has been represented with a single square in Figure 5 .
If velocity jumps at the mid-point of the joint are not allowed, the stress tensor s J is a free variable. If instead, the joint can collapse due to non-admissible tractions, a membership condition s J ∈ B J must be added. When the kinematic condition in (12) is included, the dissipation energy at the joint is evaluated as,
Joint with multiple elements
After applying the remeshing process described in Section 2.3, the joint conditions described above must be preserved for the whole initial edge defining the joint. In other words, the joint must be equally and uniquely modelled regardless of the number of elements that meet at the joint. In the lower bound problem, a unique velocity node will be always required, and a single equation equalising the stress resultants at each side will be imposed. However, the kinematic condition for the multiple elements requires a set of constraints, such that the velocity jumps at the joint are linear along the joint and zero at its centre, as illustrated in Figure 6 . More precisely, if the joint is defined by N J edges, the following constraints for the velocities must be imposed when solving the upper bound problem:
Each one of these 2(N J − 1) + 1 vector equations has an associated Lagrange multiplier or stress variable. Consequently, while the lower bound problem requires one single nodal velocity, the upper bound problem will need 2(N J − 1) + 1 stress variables. It is also assumed in the numerical examples described in Section 4 that the velocity constraints given above will be satisfied exactly, and that therefore such nodal stresses are unbounded (no dissipation energy will be accounted for). 
Numerical Results

Pull-out capacity of multi-bell anchors
The pull-out capacity of anchors may be limited by failure i) in the tendon itself (structural failure) ii) at the tendon-grouting interface (slippage), iii) at the grout-ground interface (shear), iv) within the grout column (crushing or bursting), or v) within the soil or rock supporting the bond (interface tendon-grout).
This section studies the dependence of pull-out capacity of horizontal anchors in-stalled using drilling techniques under a static load. Since the analysis is focused on the anchor-soil interaction, the strength of the grout and tendon are assumed much higher than soil and soil-grouting interface. This effectively means that failure mechanisms i),
ii) and iii) above are disregarded.
A comparison has been made between the single-and the double-bell anchors installed in cohesive and cohesive-frictional soils with rough and smooth interfaces. The modelling geometries and FE meshes used for computations are shown in 7. For sand, the ground-grout interface resistance may depend on sand density, permeability and homogeneity [22, 24] , while in clays, the boring technique may be determinant [22] .
For simplicity, the same interface conditions as those for the soils with some tension limitations shown in Figure 3 are assumed. A reference soil density γ = 1kN/m 3 and cohesion in clay equal to c = 1kP a are employed. (a) 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 00 The pull-out capacity of the single-and double-bell anchors are given in Tables 1   and 2 , respectively, for different interface conditions and material properties of the soil.
No relevant differences in the mechanism and pull-out capacity have been observed when the anchors have been pulled from the left or the right. However, the load capacity decreases in all cases if the interface is smooth. Furthermore, for clay soils, the notension condition (indicated by "NT") also reduces the pull-out capacity. 10 show the different mechanisms for sand and clay soils, respectively, using different interface conditions. The latter do not affect the profile of the dissipation power in sand, but they do alter the resulting mechanism in clay.
These results show that the failure mechanisms depend significantly on the material properties of the soil. For sand material, the slip-lines are extended up to the upper surface (see Figures 11b and 11d) , whereas for clay material, and at the modelled depth, the mechanism is localised around the anchor (see Figures 11a and 11c) . For the latter case, whether the anchor has one or two bells does not change the results substantially (see Figures 11a and 11c ).
In the recent years, several authors have also analysed the pull-out capacity of horizontal and inclined anchors placed on horizontal and sloppy surfaces. This anchors have been analysed using the limit equilibrium method, finite elements [3, 11] , or limit analysis [8, 10, 33] .
The pull-out capacity in sand soils is measured by the dimensionless factor F = pu γd , with γ being the soil density, d the distance from the anchor to the soil surface, and p u = T /B the maximum applied pressure, where T is the maximum load and B the width of the anchor. The published studies for a plate anchor [8, 10] did not find substantial differences for rough and smooth soil. Based on results obtained in those references the following formula has been suggested:
In contrast, the results obtained in the present study suggest a strong dependence of the pull-out capacity of the anchor on the soil-grouting interface. This is probably due to the different shapes of the anchors considered and the difference in pull-out direction. Nonetheless, the values of factor F obtained from the results given in Tables   1, 2 for d = 5, B = 0.3, γ = 1 are summarised in Table 3 . It should be noted that the values of F obtained are between 2 and 4 times higher than those furnished by formula (13) , probably due to differences in the geometry and the boundary conditions.
The pull-out capacity in clays has been analysed for instance in [17, 18, 33] , and has been expressed as a function of the so-called dimensionless breakdown factor N c as T = A c N c , with A being the area of the anchor and c the shear strength of the clay.
The resulting values of N c obtained in this study are also given in Table 3 for the clay material. The factor N c may be computed using the following formula [18] :
with
. For vertical plates in uniform clays and for d/B > 10, the authors in [18] obtained the value N c0 = 11.86, which is somehow comparable to N c = 16.86 obtained herein. This value agrees with the smooth and double-bell case, but slightly disagrees with the other cases. Nonetheless, since the anchor geometry used in this study does not correspond to a plate anchor, it is not expected that formula (14) fully matches the values obtained here. It is also worth pointing out that the number of bells has a stronger effect in clay soils than in sand soils.
Tests for London clays have been described in [1] , where it is experimentally confirmed that the ultimate load is linearly proportional to the number of bells. It has been verified that such linear relation exists. Figure 12 shows the dissipation power for a three and four bell anchor, together with the pull-out capacity of anchors under different interface conditions as a function of the number of bells. It has been verified that for non-smooth interface conditions, the ultimate capacity depends more strongly on the total length of the anchor than on the number of bells. Interestingly, when the interface conditions are smooth, the geometry of the bells do contribute to the bearing capacity.
Clay (c = 1kP a, φ = 0 Table 2 : Pull-out capacities of horizontal double-bell anchors (for 1/2 of the anchor).
NT=no tension.
Single-bell Double-bell 
Stability analysis of retaining wall
The stability of the wall supporting an excavation made in cohesive-frictional soil is investigated in terms of the ratio between the maximum depth of the excavation prior to collapse (d) and the total height of the wall (h). Figure 13 depicts the three situations considered: (i) a free standing wall, (ii) a simply supported wall, and (iii) an anchored wall. The motivation behind case (ii) is the modelling of one half of a shored retaining wall with intermediate struts.
The same total height H = 30m and width W = 80m of the domain are used in all three cases. These dimensions have been considered large enough so that no special techniques at the boundaries (i.e. [25] ) must be used for simulating the infinite domain.
The wall embedment depth h = 16m is used everywhere. For each geometry and ratio d/h, the limit stability factor λ, defined as the ratio between the maximum value of the gravity acceleration and the applied value g = 23kN/m 3 , that is, λ = g max g , has been computed. The maximum ratio d/h that a wall can withstand before collapsing corresponds to the case when λ approaches 1.
It should be noted that the variable body force λg has been in fact applied to a reduced domain (soil on the right side of the wall), while in the remaining domain a constant weight g is considered. The use of a variable weight in reduced region makes the optimisation problem computationally less expensive than applying the load λg to the whole domain without compromising the accuracy of the analysis.
For the cases considered here, g = 23kN/m 3 is employed, and a soil with cohesion c = 10kP a and internal friction angle φ = 22
• . The wall is modelled as a material with a high value of the cohesion (c = 1e5kP a), such that no dissipation is detected within the wall. The geometries and assumed boundary conditions for the three systems considered are shown in Figure 13 .
Stability of free standing wall
The FE meshes employed for the analysis together with the resulting collapse patterns and dissipation plots are given in Figure (14) a. Table 4 gives the stability factor λ described above, where the limit value of d/h that best brackets the bound λ = 1 has been written in bold.
No substantial difference is detected between the rough and the rough/no tension (rough + NT) conditions. However, the stability ratio d/h is reduced from approximately 0.6 to 0.488 if the wall/soil interface is changed from rough to smooth conditions. It canbe deduced therefore that the stability of free standing walls relies significantly on the wall/soil friction.
W/S Interface = rough W/S Interface = rough + NT W/S Interface = smooth Table 4 : Limit values of the stability factor for different d/h ratios of free standing wall
Stability of simply supported wall
Stability of simply supported retaining wall is assessed in this section. The support which prevents wall from moving horizontally is installed in front of the wall at h/4
distance from its top. The vertical movement of the supporting element is not restricted and its attachment to the wall is modelled by moment free joint described in Section 3.3.
The example of the final FE mesh obtained after completion of the adaptive remeshing process together with the resulting collapse patterns and dissipation plots is given in Figure 14b . Additionally, the magnified area of moment-free wall/support joint at collapse is shown in Figure 15a . The collapse load multipliers for the different d/h ratios are given in Table 5 . As it can be observed in Figure 14b , the failure mechanism in this case is completely different from the one for the free standing wall. Furthermore, Table 5 , it can be concluded that the wall/soil friction does not have such a strong influence on the stability of the simply supported wall, as was observed for the case of the free standing wall.
Stability of anchored wall
Stability of a tied-back retaining wall is investigated. A relatively shallow single-bell anchor is installed at h/4 depth, with length and width equal to 1m × 0.3m. The full set of problem dimensions and boundary conditions is shown in Figure 13c . With such shallow anchor installation it is likely that prior to the grout-soil interface failure, the soil mass in front of the anchor fails with the shear plans reaching the ground surface.
Therefore, it is aimed here to verify this numerically, as part of the overall anchored wall stability analysis.
Two anchor placement cases are considered: the anchor is positioned at h and 2h distance away from the wall. The moment free connection of the anchor tie to the wall is implemented by overlapping it with soil/wall interface as was described previously.
The tie itself does not interact with the soil to avoid its reinforcing effect, and has been modelled with the solid elements, but using moment-free joint conditions described in Section 3.3.
The resulting collapse patterns and the adapted meshes are given in Figure 16 , with Figure 15b showing the moment-free/duplicated edges interface in action at collapse.
The actual bounds of the gravity acceleration are summarised in Tables 6 and 7 for an anchor length equal to h and 2h, respectively. The interface conditions between the grouting and the soil are the same as for the wall/soil interface in all cases.
The effects of interface conditions are reflected in the power dissipation plots presented in Figure 16 . In the smooth case, practically no dissipation is appearing at the wall/soil interfaces apart from that at the bottom of the wall (see Figure 16c) . The collapse mechanism exhibits only one single failure line between the anchor and the top surface of the soil. Instead, when using the rough interface conditions, two failure lines are observed. This difference in collapse patterns is supported by the values in Table   6 -7, which show a substantial reduction in the limit value of d/h when the interface conditions are changed from rough to smooth.
The distance between the wall and the anchor is also a relevant parameter. While the limit values of d/h increase when the distance is doubled, the mechanism is also qualitatively different. When the length equals 2h, two independent failure areas are W/S Interface = smooth Table 6 : Limit values of the stability factor for different d/h ratios of an anchored wall.
The anchor is placed at a distance h from the wall and is 1 meter long and 30cm wide.
W/S Interface = rough W/S Interface = rough + NT W/S Interface = smooth Table 7 : Limit values of the stability factor for different d/h ratios of an anchored wall.
The anchor is placed at a distance 2h from the wall and is 1 meter long and 30cm wide. [31] . generated: one surrounding the rigid wall, and another at the top of the anchor.
The stability factors obtained for the retaining wall have been compared with those reported in [31] , p. 149. Table 8 presents the details of the comparison, where the results obtained here are for a rough wall/soil interface with no-tension (which are the ones that were found to match better the reported results, as no detailed information on interface conditions used in [31] have been provided).
Conclusions
Modelling of interfaces and joints in the framework of computational limit analysis has allowed us to obtain pull-out capacities of anchors and stability limits of multianchored walls. The formulation presented has been verified so far on two-dimensional cases, but the methodologies described are equally applicable to general three-dimensional problems.
Moreover, other geometrical configurations of the anchored wall such as multiple or non-horizontal anchors can be also analysed using the methods presented here. The cases treated in this paper are have been limited by belled passive ("dead") anchors,
i.e. those that are not pre-stressed. However, the inclusion of active anchors can be foreseen by adding the necessary initial pre-stress in the anchor system. Although the distribution of this stress may be non-trivial, the subsequent computational analysis poses no major theoretical difficulties. Therefore, it is suggested to pursue in the future the studies of active and other anchor types such as expandable rock anchors.
The focus of this paper has been on anchor/wall systems, but the limit analysis extensions described here are also applicable to the other systems such as slope stability, 
